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A Class of Exact Classical Solutions to String Theory
A. A. Coley
Department of Mathematics and Statistics, Dalhousie University, Halifax, Nova Scotia
We show that the recently obtained class of spacetimes for which all of the scalar curvature in-
variants vanish (which can be regarded as generalizations of pp-wave spacetimes) are exact solutions
in string theory to all perturbative orders in the string tension scale. As a result the spectrum of
the theory can be explicitly obtained, and these spacetimes are expected to provide some hints for
the study of superstrings on more general backgrounds. Since these Lorentzian spacetimes suffer no
quantum corrections to all loop orders they may also offer insights into quantum gravity.
I. INTRODUCTION
It is known that all of the scalar curvature invariants vanish in pp-wave spacetimes [1] (see also [2,3]). It has
subsequently been argued that pp-wave spacetimes are exact solutions in string theory (to all perturbative orders in
the string tension) [4,5]. In this Letter we shall show that this is true for a wide class of spacetimes (in addition to
the pp-wave spacetimes), a result that has broad and important implications.
In a recent paper it was proven that in pseudo-Riemannian or Lorentzian spacetimes all of the scalar invariants
constructed from the Riemann tensor and its covariant derivatives are zero if and only if the spacetime is of Petrov
type III, N or O, all eigenvalues of the Ricci tensor are zero and the common multiple null eigenvector of the Weyl
and Ricci tensors is shearfree, irrotational, geodesic and expansion-free (SIGE) [6]; we shall refer to these spacetimes
as vanishing scalar invariant (VSI) spacetimes in what follows for brevity. Utilizing a complex null tetrad in the
Newman-Penrose (NP) formalism it was shown that for Petrov types III and N the repeated null vector of the Weyl
tensor lα is SIGE (i.e., the NP coefficients κ, σ, and ρ are zero), and the Ricci tensor has the form
Rαβ = −2Φ22lαlβ + 4Φ21l(αmβ) + 4Φ12l(αm¯β), (1)
in terms of the non-zero Ricci components Φij . For Petrov type 0, the Weyl tensor vanishes and so it suffices that
the Ricci tensor has the form (1), where the corresponding vector field lα is again SIGE.
All of these spacetimes belong to Kundt’s class, and hence the metric of these spacetimes can be expressed [7,8]
ds2 = 2du[Hdu+ dv +Wdζ + W¯dζ¯]− 2dζdζ¯ , (2)
where H = H(u, v, ζ, ζ¯) and W = W (u, v, ζ, ζ¯) (P ≡ 1), and the null tetrad is
l = ∂v, n = ∂u − (H +WW¯ )∂v + (W¯∂ζ +W∂ζ¯), m = ∂ζ . (3)
Note that in local coordinates the repeated null Weyl eigenvector is given by l = ∂v. If τ = 0, the null congruence l
is recurrent [6].
The metrics for all VSI spacetimes are displayed in [6]. For example, the metric of Pleban`ski-Petrov (PP)-type O,
Petrov type III and NP coefficient τ = 0 is given by
W = W0(u, ζ¯), H = 12v(W0,ζ¯ +W¯0,ζ ) + h0(u, ζ, ζ¯), (4)
where
Φ22 = [h0,ζζ¯ −ℜ(W0W0,ζ¯ζ¯ +W0,uζ¯ +W0,ζ¯
2)], (5)
and l is recurrent. The generalized pp-wave solutions are of Petrov-type N, PP-type O (so that the Ricci tensor has
the form of null radiation) with τ = 0, and admit a covariantly constant null vector field [1]. The vacuum spacetimes,
which are obtained by setting Φ22 = 0, are the well-known pp-wave spacetimes (or plane-fronted gravitational waves
with parallel rays).
The Ricci tensor (1) has four vanishing eigenvalues, and the PP-type is N for Φ12 6= 0 or O for Φ12 = 0. It is
known that the energy conditions are violated in the PP-type N models [7] and hence attention is usually concentrated
on the more physically interesting PP-type O case, which in the non-vacuum case corresponds to a pure radiation
[9,7] (although we should point out that spacetimes that violate the energy conditions are also of interest in current
applications [10]).
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The pp-wave spacetimes have a number of important physical applications. In particular, pp-wave spacetimes are
exact solutions in string theory (to all perturbative orders in the string tension) [4,5]. We shall show that a wide range
of VSI spacetimes (in addition to the pp-wave spacetimes) also have this property. Indeed, pp-waves provide exact
solutions of string theory [5,4], and type-IIB superstrings in this background were shown to be exactly solvable even
in of the presence of the RR five-form field strength [11,12]. As a result the spectrum of the theory can be explicitly
obtained, and the number of potential exact vacua for string theory is increased. This work is expected to provide
some hints for the study of superstrings on more general backgrounds.
II. ANALYSIS
The classical equations of motion for a metric in string theory can be expressed in terms of σ-model perturbation
theory [13], through the Ricci tensor Rµν and higher order corrections in powers of the string tension scale α
′ and
terms constructed from derivatives and higher powers of the Riemann curvature tensor [e.g., 12α
′RµρσλRν
ρσλ]. It has
long been known that vacuum pp-wave spacetimes are exact solutions to string theory to all orders in α′, and this was
explicitly generalized to non-vacuum (null radition) pp-wave solutions in [5]. The proof that all of the VSI spacetimes
[6] are classical solutions of the string equations to all orders in σ-model perturbation theory [4] consists of showing
that all higher order correction terms vanish [4], and this follows immediately from the results of [6]. This can be
demonstrated explicitly by direct calculation for the type III example (4) (see also [14]). It is perhaps surprising that
such a wide class of VSI spacetimes, which contain a number of arbitrary functions, have this property.
A more geometrical derivation of this result follows from the fact that the only non-zero symmetric second-rank
tensor covariantly constructed from scalar invariants and polynomials in the curvature and their covariant derivatives
in VSI spacetimes is the Ricci tensor (which is proportional to lµlν for PP-type O spacetimes), and hence all higher-
order terms in the string equations of motion automatically vanish [5]. More importantly, it is possible to generalize
this approach to include other bosonic massless fields of the string. For example, we can include a dilaton Φ and an
antisymmetric (massless field) Hµvρ. Let us assume that for VSI spacetimes
Φ = Φ(u, ζ, ζ), (6)
Hµνρ = Aij(µ, ζ, ζ)ℓ[µ∇νx
i∇ρ]x
j . (7)
The field equations [13]
2(∇Φ)2 −∇2Φ−
1
12
H2 = 0, (8)
∇λH
λ
µν − 2(∇λΦ)H
λ
µν = 0, (9)
are then satisfied automatically to leading order in σ-model perturbation theory (i.e., to order α′). This is clearly
evident for VSI spacetimes with τ = 0 and with Φ = Φ(u) and Aij = Aij(u) and follows from the fact that ℓ is
recurrent; this can be shown explicitly by direct calculation for the type III example (4) and is known to be true for
the pp-waves. In these spacetimes H2 = ∇2Φ = (∇Φ)2 = 0, and the only non-trivial field equation is then [13]
Rµν −
1
4
HµρσHν
ρσ − 2∇µ∇νΦ = 0.
For PP-type 0 spacetimes (Rµν ∝ ℓµℓν) this equation has only one non-trivial component which then constitutes a
single differential equation for the functions Φ, Hµνρ and the metric functions (e.g., for pp-wave spacetimes ∂
2H +
1
18AijA
ij + 2Φ′′ = 0 [5]). Solutions with more general forms for Φ, Hµνρ (than equations (6), (7)) are possible for
τ = 0 (and τ 6= 0 spacetimes) and the field equations reduce to an underdetermined set of differential equations with
many arbitrary functions.
We can consider higher order corrections in σ-model perturbation theory, which are of the form of second rank
tensors and scalars constructed from ∇µΦ, Hµνρ, the metric and their derivatives. Since at most two derivatives
of Φ can appear in any second rank tensor and given the form of the Riemann tensor, all terms constructed from
more that two Hµνρ’s and their derivatives and at least one Riemann tensor and one or more ∇µΦ’s or Hµνρ’s must
vanish. Also, for appropriately chosen Φ and Hµνρ, all terms of the form (∇ . . .∇H)
2 must vanish. This can again be
shown by direct calculation for the type III example (4) and was proven for the pp-waves in [5]. Therefore, there are
solutions to string theory to all orders in σ-model perturbation theory. In addition, there are clearly a large number
of arbitrary functions (and many more than in the pp-wave case) in this class of solutions still to be determined.
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III. DISCUSSION
It has been noted that massive fields can also be included since their loop contributions can always be expanded in
powers of derivatives (the result will again be polynomials in curvature which will vanish). In addition, it has been
shown [5] that exact pp-waves are exact solutions to string theory, even non-perturbatively. It is therefore plausible
that a wide class of VSI solutions, which depends on a number of arbitrary functions, are exact solutions to string
theory non-perturbatively and worthy of further investigation. In particular, the singularity structure of the VSI
string theory spacetimes can be studied as in [5].
Solutions of classical field equations for which the counter terms required to regularize quantum fluctuations vanish
are also of importance because they offer insights into the behaviour of the full quantum theory. The coefficients of
quantum corrections to Ricci flat solutions of Einstein’s theory of gravity in four dimensions have been calculated up
to two loops. In particular, a class of Ricci flat (vacuum) Lorentzian 4-metrics, which includes the pp-wave spacetimes
and some special Petrov type III or N spacetimes, have vanishing counter terms up to and including two loops [14].
Thus these Lorentzian metrics suffer no quantum corrections to all loop orders [15]. In view of the vanishing of all
quantum corrections in these spacetimes, it is possible that the VSI metrics are of importance and merit further
investigation.
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